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TEM micrographs can be used to compute fractal dimensions of 3-dimensional objects. In order to covert the fractal 
dimension of TEM micrograph to the 3-dimensional fractal dimension, a modified sphere method was developed. 
Using this method, fractal dimensions of some nanosized silica powders were computed.  

INTRODUCTION∗ 

Fractal theory was developed in the last two 
decades in order to achieve a better characterization 
of different phenomena in physics, chemistry, 
biology, medicine and so on.1,2  

A direct method to determine fractal dimension 
is to analyze images obtained from scanning 
tunneling microscopy,3-6 scanning probe 
microscopy,7,8 transmission electron microscopy9 
(TEM). TEM micrographs can provide high-
resolution pictures of 3-dimensional objects, such 
as ultrafine (nanosized) powders. Previously, 
fractal structural studies of silica aerogels were 
reported in literature.10  

The aim of this paper is to analyzed TEM 
images and to obtain fractal dimensions of  
3-dimensional objects, especially of some ultrafine 
silica powders. The powders are produced by 
thermal arc plasma method under the conditions of 
rapid cooling of silica vapour. The “mass-radius” 
relation is used to compute fractal dimension of 
TEM micrograph. The TEM micrograph fractal 
dimension is related to the 3-dimensional object 
(powder) fractal dimension. Some assumptions are 
to be made to obtain powder fractal dimension 
from TEM micrograph fractal dimension. These 
assumptions will be presented in chapter 2.  
                                                           
∗ Corresponding author: gdobrescu@icf.ro 

THEORY 

Self-similarity, that is the main property of 
fractal objects, has a mathematical  description:1,2  

 ( / ) ( / ) DN r R r R −∼  (1) 

where D is fractal dimension and N(r, R) is the 
number of boxes of size r which cover the object of 
linear size R. Equation (1) leads to the following 
two methods for fractal dimension determination11. 
The “box counting” method,12-14 when R is defined 
as the largest distance between any two points 
belonging to the system: 

 ( ) D
boxN r r−∼                           (2) 

The “mass-radius” method: 

 ( ) D
sitesN R R∼   (3) 

where Nsites(R) is the number of sites located 
within distance R from a given site, R>>r, (the 
mass in a sphere of radius R). 

In this work the equation (3) is used to 
determine TEM micrographs fractal dimensions 
for R, varying in a broad range, from 1 pixel to the 
maximum radius of the cluster.  

The image fractal dimension characterizes the 
plane object projection. Therefore, the fractal 
dimension of a 3-dimensional object will be bigger 
than TEM micrograph fractal dimension: 
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 TEM oD D D= +  (4) 

where D is the powder fractal dimension, DTEM is 
the image fractal dimension and Do is a correction 
factor with fractal dimension behavior.  

To compute the fractal dimension of a  
3-dimensional object, the total number of r size 
boxes that covered the whole object must be 
measured. The number of r x r x r boxes, needed to 
covered the r x r x h parallelepiped (see Figure 1), 
will be Nz(xr, yr, r), where xr and yr are center 
coordinates of parallelepiped xy-projection.  

In this moment, the object fractal behavior 
along z axes is to be considered: 

Fractal distribution along z axes 

If, along z axes, 3-dimensional object exhibits a 
fractal behavior, it is easy to understand that the 
following relation can be written: 

 zD
zrrz rAryxN −=),,(  (5) 

where Dz is the fractal dimension along z-axes 
which means the exponent of scaling along z-axes. 
Equation (5) is obeyed even for r=1, and, therefore: 

 ),(),()1,,( rrrrzrrz yxyxAyxN ρ==  (6) 

where A(xr,yr) is a constant depending on chosen 
center xr, yr, and it is equal to the total sum of 
particles along z-axes described by coordinates 
xr,yr. This total sum of particles can be 
experimentally computed from grey-level of xr,yr 
pixel of TEM micrograph, ρ(xr,yr) . From equation 
(5) and (6) the following is obtained: 

 zD
rrrrz ryxryxN −= ),(),,( ρ    (7) 

Total number of r size boxes needed to covered 
the whole object, N(r), can be computed as: 
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Assuming that the grey level distribution has a 
fractal behavior so equation (1) is obeyed, we can 
write that the sum ρ(xr,yr) scales with r like: 

 
,
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Then, equation (8) becomes: 

 )()( θDDzBrrN +−=        (10) 

It is obtained from equation (2) and equation 
(10) that: 

 θDDD z +=        (11) 

For isotrope fractals equation (5) can be written 
even for ox and oy axes, and Dx=Dy=Dz=D0. So: 
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Combining equations (11) and (12) the result is 
straightforward: 

 
2

3 θDD =      (13) 

where Dθ is the TEM micrograph fractal 
dimension, computed from gray-level distribution, 
using equation (9). It must be kept in mind that 
fractal behavior of the gray-level is assumed and 
“mass radius” relation is used to compute Dθ. 

The above-considered theory is applied for com-
puting fractal dimensions of some silica powders.

 

 
Fig. 1 – Grey parallelepiped r x r x h.  
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RESULTS AND DISCUSSION 

Two samples of silica powders were analysed: 
sample A (figure 2), with BET surface area 
S=400m2/g and sample B (figure 3) with BET 
surface area S=53m2/g. 

The powders had been produced in the Institute 
of Electronics, BAS by use of thermal arc plasma 
method. More about the powder synthesis can be 
found in literature.15  Here only the major 
characteristics of the production will be discussed. 
Silica sand is used as raw material for ultrafine 
silica powder production. As the sand is a 
refractory material, the thermal arc plasma as very 
high enthalpy gas is a perfect circumstance for its 
vaporization. The vapor is cooled rapidly (105- 106 
K/s) by mixing it with cooling gas in a flow 
reactor. The processes, carried out during the 
cooling, lead to production of ultrafine powders 
with different structures i.e. more or less 
aggregated.15,16 Such powders can be analyzed 

from a fractal point of view to characterized their 
structure. So, it is interesting to determinate the 
powder fractal dimension. 

From the TEM micrographs (Figure 2 and Figure 
3), applying equations (9) and (11), fractal dimension 
of the images grey-levels are computed and using 
equation (13), fractal dimension of the 3-dimensional 
embedded object is obtained. Results from such 
calculations are presented in Figures 4 and 5.  

These Figures show log-log plot of number of 
the occupied sites within R radius sphere for 
micrographs presented in Figures 2 and 3, 
respectively. TEM photo of figure 2 is a 725 pixels 
x 536 pixels image, 72 dpi and 3 pixels correspond 
to 7 nm. TEM photo of figure 3 is a 1105 pixels x 
841 pixels image, 72 dpi. To compute fractal 
dimension we need to know the global behavior of 
the particles. This goal is achieved for TEM 
micrographs with low magnification. 

 

 

  
Fig. 2 – TEM micrograph of  sample A. Fig. 3 – TEM micrograph of sample B. 

 

D=2.90+/-0.01 
correlation coefficient=0.999

 self-similarity limits: 2nm-575nm
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Fig. 4 – Log-log plot of number of occupied sites within R radius sphere for micrograph in Figure 2. 
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D=2.82+/-0.01 
correlation coefficient=0.999

 self-similarity range 20nm-335nm
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Fig. 5 – Log-log plot of number of occupied sites within R radius sphere for micrograph in Figure 3. 

 
The obtained results show that both samples 

have a fractal behavior in a wide range and are 
characterized by a fractal dimension. The sample A 
has higher fractal dimension than that of the 
sample B.  

This means that strong aggregation occurs at 
the sample A in the whole considered scale range 
2nm-575 nm. Since the BET specific surface area 
of this sample is very high (400 g/m2), i. e. the 
mean size of the particles is very small (7 nm), it 
can be expected that the aggregates will be formed 
by small individual particles. For the sample B two 
fractal dimension are calculated. The first one is 
2.73±0.01 with correlation coefficient equal to 
0.999. This fractal dimension is observed in the 
scale range 2nm-20nm. In the scale range  
20nm-335 nm the calculated fractal dimension is 
2.82±0.01 with correlation coefficient equal to 0.999.  

The specific surface area is measured based on 
BET technique, that can access all of the “hidden” 
portions of the surface, undercuts, pores, etc. Some 
of these “hidden” portions may not be seen using 
TEM technique and measuring the surface height 
of each point (x,y).17 The lower cut-off limit is  
2 nm, indicating that beyond this limit we do not 
have any information in TEM technique, 
meanwhile as nitrogen molecule has a radius of, let 
say, 2 covalent nitrogen radius = 1.5 nm, the BET 
technique, using these molecules can “see”, fine 
details, invisible in TEM images. This fact can be 
an explanation why meanwhile BET area varies 
from 400 m2/g to 53 m2/g , the fractal dimension 
varies  just from 2.9 to 2.73 or 2.82. 

Even in this situation the fractal dimension 
varies in the same way as the BET specific area. 

To describe a surface, not only the fractal 
dimension is important, but the cut-off limits. 
Sample A is characterized by D=2.9 and a broad 
self-similarity domain (2nm-575nm) indicating a 
very rough surface. 

Sample B has a lower fractal dimension and a 
narrow self-similarity domain showing a less rough 
surface. 

The calculations show also that the samples are 
self-similar in the self-similarity limits. The 
property of self-similarity, that is the property for a 
part to look the same as the whole, is related to the 
preparation conditions. For both samples 
aggregation can occur but it will be higher at the 
sample A than at sample B because of its higher 
fractal dimension. The observed lowest fractal 
dimension at sample B (in the small scaling range 
2nm-20 nm) can be explained by a correlation 
between points, situated at different depths, and 
separated in micrograph’s plane by shorter distances. 

CONCLUSIONS 

A method for computing fractal dimensions 
from TEM micrographs was developed. This 
method was applied to ultrafine silica powders, 
produced by thermal arc plasma method. The 
investigated samples present good fractal 
structures with high fractal dimensions, between 
2.8 and 2.9.  
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